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We present aspects of a general procedure to be used in conjunction with constrained parameter optimiza-
tion for the analysis of processes involving heat deposition such as welding processes and those involving
rapid prototyping by means of powder deposition. Our emphasis in this report is on the construction of
generating functions and subdomain elliptic solvers useful for the practical application of constrained
parameter optimization for the calculation of thermal histories. The procedure for constructing generating
functions and elliptic solvers is based on the concept of multiscale homogenization. We discuss those elements
of the theoretical foundation of the general methodology based on constrained parameter optimization as
these elements relate to the application of generating functions and subdomain solvers. In addition, we
present a prototype weld analysis, which serves to demonstrate many of the details associated with the
application of this methodology.

heat source depositing energy into the material. But the natureKeywords heat deposition, multiscale homogenization,
of these processes results in poor observability, making theseparameter optimization, temperature histories,

weld analysis measurements difficult and limited in accuracy. And for the
case of deep penetration welding, information can be available
concerning the shape and size of the vapor-liquid boundary or1. Introduction keyhole. The solution of the problem is therefore one where
many of its aspects are readily available through common analy-

This report is meant to provide a general description of sis. One would like to have in principle a convenient method
certain aspects of a continuously evolving methodology whose of generating a solution that is consistent with this availability
purpose is the calculation of temperature histories at locations of information. It follows therefore that the idea of having a
within a material during the course of a process involving heat methodology where a large fraction of the solution can be
deposition. The temperature history as a function of position embedded conveniently is well posed for this type of problem.
within a given material is relevant in that the associated material Accordingly, we would like to adopt the basic philosophy of
response, in a large part, determines the structure and resultant actually embedding most of the solution, rather than adopting
properties of that material. This is particularly true for materials procedures that generate the solution using complex mappings
undergoing relatively rapid cooling, which is characteristic of based on physical models that in turn could be based on rela-
welding or direct laser fabrication using powder where nonequi- tively restrictive assumptions.
librium solidification structures are commonly seen. The prob- Our general methodology is based on constrained parameter
lem of calculating thermal histories, or rather, the time-

optimization. We have presented over the course of different
dependent temperature field associated with a dynamic process

studies[1–4] various aspects of this methodology related to itsinvolving heat deposition, is interesting in that a large fraction
mathematical framework, application to the analysis of specificof the temperature field can be determined a priori. This can
types of processes, and to its continuous evolution. A significantbe achieved, for example, by means of distributed temperature
aspect of our methodology is that model system parametersmeasurements (thermocouple measurements) during the course
(e.g., material properties), constraint conditions based on exper-of the process or by means of the analysis of solidification cross
imental information (e.g., melt boundary profiles), source termssections. Other types of information that could be available, a
(e.g., energy input, total mass melted or deposited), and bound-priori, include the volumetric shape and top surface morphology
ary and bound conditions are all expressed in terms of quantitiesof the melt pool resulting from melting of the material. For arc
associated with system matrix elements. Within the frameworkwelding or high energy beam welding, it is possible to estimate
of a system matrix representation, information concerning theor measure, to some degree of accuracy, the character of the
solidification boundary and melt pool shape is of equal signifi-
cance to that of information concerning the energy source and
material properties. In particular, downstream information
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representation specifying their interrelationship. With respect framework upon which our elliptic solver formalism is based.
We present a discussion of aspects of the theoretical foundationto the system matrix, the heat conduction equation and any

other of the transport equations assume the less restrictive role of this methodology as they relate to the application of these
generating functions and subdomain solvers. We extend ourof a constraint condition on the system. The basic mathematical

representation adopted in our methodology is the system matrix methodology to include a multiscale homogenization procedure
for calculating temperature fields. This procedure is of particularitself. Specific material properties and process parameters also

assume a less restrictive role in that they are introduced in significance for the case of welding processes, which are charac-
terized by temperature fields having sharp transitions in scale.terms of adjustable parameters, which can be either adopted as

fixed constraints on the system or optimized with respect to We present a prototype analysis of a deep penetration weld,
which serves to demonstrate many of the details associatedother constraints.

An interesting aspect of our methodology is that one can with the application of the homogenization procedure.
systematically piece together the temperature field just on the
basis of bounds and consistency requirements on that field.

2. Evolution of MethodologyWithin the system matrix representation, one can observe the
following formal equivalence. First, source term values are
formally equivalent to boundary values. Second, specific physi- In this section, we discuss the evolution of our methodology.
cal models and boundary conditions are formally equivalent to Our discussion is in terms of heuristic descriptions and sche-
constraint conditions. And finally, there is no formal distinction matic representations rather than a purely formal mathematical
between upstream and downstream quantities relative to the development. We present a heuristic derivation, which is moti-
dynamic weld melt pool. Typically, the mathematical properties vated by the construction of a discrete system-matrix representa-
of a given system solver (the procedure for solving the system tion of the equation of heat transfer coupled to fluid convection.
of equations represented by the matrix) are a consequence of the The model system to be specified is that of the temperature
manner in which the solver facilitates the transfer of information field generated by a moving heat source of a given spatial
between the elements comprising the system matrix. This trans- distribution either at the surface of or distributed volumetrically
fer of information is usually based on the nature of the physical within a given material. The temperature field is that for energy
process represented mathematically. The formal structure of the transport in a coordinate system that is fixed in the reference
system matrix representation and the type of information that frame of the moving heat source. At the initial stage of our
is typically available from weld cross section measurements development, the model system is defined primarily by
provides the basis for transforming a system whose general
physical character is quasi-parabolic to one which is elliptic.

r(T )Cp(T )
T
t

1 r(T )Cp(T )U • ¹T
(Eq 1)Further, welding processes, especially those involving deep

penetration, are characterized by temperature fields having
5 ¹ • [k(T )¹T ] 1 ¹ • q(T ) 1 ¹ • qs(x̂ )sharp transitions in scale. The elliptic formalism of our method-

ology provides a natural partitioning of the system, defined by a
where the quantities r(T ), Cp(T ), and k(T ) are the temperature-three-dimensional temperature field, into regimes that facilitate
dependent density, heat capacity, and conductivity, respectively.well-conditioned transitions from one characteristic length scale
The quantities ¹ • q(T ) and ¹ • qs(x̂ ) are, respectively, theto another. This in turn provides for a well-conditioned optimi-
temperature-dependent source term and the source term associ-zation of the temperature field with respect to spatially distrib-
ated with the input of energy into the material due to an externaluted constraint conditions.
energy source. The quantity x̂ 5 (x, y, z) is the position vector.It is significant to note that our methodology extends the

Referring to the grid index scheme defined by Fig. 1 andapproach of constructing a solution via a superposition of
letting T7 5 Tp , a discrete representation of Eq 1 is given byRosenthal-type solutions, i.e., the method of distributed heat

sources.[5–7] Further, our methodology does not represent an
alternative to other approaches (based on specific physical mod-

Tp 5
1

wp
o
6

i51
wi Ti (Eq 2)els) but easily transitions to them via the system matrix represen-

tation. The important point, in this regard, is that one can piece
together most of the solution before such a transition is effected. where
This can be accomplished just on the basis of bounds and
consistency requirements on the solution. And finally, many of

wp 5 o
6

i51
wi (Eq 3)the dynamic features of a welding process are observable during

the steady-state process or are actually frozen in place at the
end of the weld schedule. There is a tendency to neglect the

andinformation content of these features, which can be correlated
with the dynamic state of the welding process. It is this type

wi 5 ^ki&U 1 (Dl) max [U • Ii , 0] 1 di,p11 VBDl (Eq 4)of information that can be conveniently embedded into the
system matrix and thus actually drive the solution.

for i 5 1, . . . , 6, andOur emphasis in this report is on the construction of generat-
ing functions and subdomain elliptic solvers useful for the
practical application of our methodology based on constrained ki 5

ki

r(Tp)Cp(Tp)
(Eq 5)

parameter optimization. We present the general mathematical
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system matrix representation, the heat conduction equation,
itself, assumes the subordinate role of a constraint condition
on the system. Second, we have adopted within our present
development a discrete representation of Eq 1, which relates a
given element Tp to six of its nearest neighbor elements, i.e.,
Eq 2. Consequently, the vectors ŵp and T̂p each consist of seven
elements. It should be noted that the specific type of discrete
representation adopted, i.e., the sizes of the vectors ŵp and T̂p ,
is not relevant to our general approach. One could, for example,
adopt a discrete representation of Eq 1, which relates a given
element Tp to a larger number of near neighbor elements than
Eq 2. The outer product defined by Eq 7 exposes the duality
between the quantities ŵp and T̂p. This duality provides the
basis for adopting this formalism for application to inverse
problems involving the extraction of material properties or pro-
cess information from a given set of welds.

Insight is gained by examining the direct approach for mathe-
matical analysis of the weld structure as it relates to the system
matrix representation defined Eq 7. Within the context of the
direct approach, all elements of the matrix W are assumedFig. 1 Indexing scheme for unit vectors Ii defined by Eq 4
either known or determined a priori with respect to solving
the system of equations defined by Eq 7. Consequently, for the
direct appraoch, the quantity ^ki&U , which represents a convec-The quantities VB , U, and Dl are the welding speed, fluid
tion-weighted average of the diffusivity, is assumed determin-velocity within the melt pool, and grid resolution, respectively.
able a priori. The SIMPLE algorithm[8] utilizes an explicitThe index p 5 1, . . . , N, where N is the total number of grid
expression for this quantity, which is given bypoints making up the system. The unit vectors Ii are defined

in accordance with Fig. 1. Equation 2 can be put in the form

^ki&U 5 ki max F11 2 0.1 Z(Dl)(U • Ii)
ki

Z2
5

, 0G (Eq 11)
o
7

i51
wi Ti 5 0 (Eq 6)

The weighting factor multiplying the diffusivity kl in Eq 11
where w7 5 2wp and T7 5 Tp. The system of equations defined considers the transition from diffusive to convective heat
by Eq 6 can be represented by means of a system matrix: transfer.

One major aspect of our methodology is that of extending
WT 5 0 (Eq 7) the concept of specifying the shape of the heat source to that

of constructing the entire temperature field. This concept fol-
where lows from the formal structure of the system matrix representa-

tion. Proceeding, we note that the system matrix Eq 7 can be
rewritten in the form

W 5 1
ŵT

1

???
ŵT

N
2 and T 5 (T̂1 ??? T̂N) (Eq 8)

WSTS 1 o
N

I51
WITI 5 0 (Eq 12)

The vectors ŵp and T̂p , p 5 1, . . . , N, are such that

where elements of the matrix WSTS are associated with nodesŵ T
pT̂p 5 0 (Eq 9)

that are volumetrically distributed according to the spatial pro-
file of degree of coupling to the energy source. The sum ofwhere
matrices in Eq 12 represents any general partitioning of the
system matrix according to different possible physical charac-
teristics of the elements of each matrix term. The general parti-

ŵp 5 1
w1
???

w7
2 T̂p 5 1

T1
???

T7
2 (Eq 10) tioning represented by Eq 12 exposes an important property,

which contributes to the basis of our methodology. This prop-
erty, stated simply, is that the set of matrix elements associated
with the input of energy into the system is not formally differentAt this stage of our development, we review various aspects

of the heuristic derivation leading to Eq 7. First, it is significant from any other set of elements making up the system matrix.
Another major aspect of our methodology is the conceptto note that although the system matrix representation defined

by Eq 7 is a discrete representation of Eq 1 within the context of transforming a system whose general physical character is
parabolic to one that is elliptic based on the formal structureof the above derivation, we do not adopt this as the formal

interpretation of Eq 7. One should note that with respect to the of the matrix system representation and the type of information
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that is typically available a priori for the process involving the determination of an approximate mathematical model that
incorporates information concerning the unresolved fine-scaleheat deposition. Typically, the properties of a given system

solver are a consequence of the manner in which the solver structure (e.g., large temperature gradients in regions close to and
including the heat source) of the field quantity to be determinedfacilitates the transfer of information between the elements

comprising the system matrix. The type of solver selected is without a strong dependence on the level of grid resolution. It
follows then that a well-posed multiscale homogenization proce-usually based on the nature of the physical process represented

mathematically by the system matrix. The methodology consid- dure requires some method of incorporating or mapping fine-
scale information into a coarse scale representation. Relative toered here adopts an elliptic formalism as the basis of the “system

solver,” i.e., the procedure for solving the system of equations this point, it is significant to note that multiscale homogenization
is conveniently adaptable to the general formalism of ellipticrepresented by the system matrix. This type of formalism pro-

vides a natural partitioning into regimes, which facilitates the solvers. This follows intuitively from the nature of the type of
boundary information associated with these types of solvers,transition from one characteristic length scale to another. With

respect to the mathematical representiion of a process involving which assumes more of an “interpolation” rather than “extrapola-
tion” character. Similarly, the adaptability of multiscale homoge-heat deposition via a moving source of energy, the adaptation

of an elliptic formalism is subtle in that it is counterintuitive. nization with respect to our overall methodology follows from
the combined use of both upstream and downstream boundaryThis is because the physical system is actually driven from

upstream to downstream. That is to say, it has a parabolic information, which assumes a interpolation character, for genera-
tion of the temperature field.character physically and as a result a parabolic solver might tend

to be more intuitively satisfying. A parabolic solver, however, is
not structured to facilitate the inclusion of downstream informa-

3. Generating Funtions and Subdomain Solverstion during the process of solution generation. A system matrix
representation of the discrete convective heat transfer model
does not contain formal knowledge, or bias, of the parabolic In this section, we discuss techniques for assigning values
character of the physical process. Solution of the system matrix to elements of the system matrix, which is based on the construc-
can be cast in terms of an elliptic problem by simply noting tion of generating functions. Our development continues to be
that the system matrix Eq 7 can be rewritten in the form in terms of heuristic descriptions and schematic representations

rather than a purely formal mathematical development. Our
WUTU 1 WDTD 5 0 (Eq 13) goal is to emphasize the physical basis of the various aspects

of our development. The purpose of the generating function is
where elements of the matrices WUTU and WDTD are associated to provide a convenient methodology for (1) assigning con-
with nodes that are located upstream and downstream, respec- straint and boundary values, (2) assigning initial estimates of
tively, relative to the heat source and that formally downstream values of the matrix elements, and (3) partitioning of the matrix
information assumes an equivalent role to that of upstream elements into individual sets where each set of matrix elements
information. This recasting of the problem is well posed for represents a closed and bounded subdomain of the temperature
modeling heat deposition processes. This follows from the field. Having constructed the system matrix by means of a
potential availability of information, a priori, associated with generating function, the temperature field is then solved by
downstream regions of the temperature field for such problems application of an elliptic solver over those subdomains requiring
and the adaptation of a methodology, which entails a construc- local optimization of the temperature field. A generating func-
tion of the entire temperature field rather than its generation tion is defined by
by means of an upstream specification of the temperature field.
It follows then that the discrete temperature field can be charac-

TG(x̂ ) 5 TA 1 o
N

k51
wkTk (x̂ 2 x̂k , VB) (Eq 15)terized by a global volumetric constraint of the form

T(x̂ 2 x̂k) 5
q0

4pk
exp 12

VB(x 2 xk)
2k 2(Dl)3

LS
o
Ns

p51
#
Tp

TA

r(T )CP(T )dT 5
q0

VB
(Eq 14)

F o
`

i52`1
1
Ri
2 exp 12

VBRi

2k 21 o
`

j52` 1
1
Rj
2 exp 12

VBRj

2k 2G (Eq 16)
rather than a relatively local constraint on the energy source
defined by the energy input q0. Ri 5 [(x 2 xk)2 1 ( y 2 yk)2 1 (z 2 2iD 2 zk)2]1/2 (Eq 17)

There are significant advantages to applying multiscale
Rj 5 [(x 2 xk)2 1 ( y 2 yk)2 1 (z 2 2jD 1 zk)2]1/2 (Eq 18)homogenization to a system matrix representation of any physical

process involving heat deposition. The method of multiscale
homogenization has been the development for problems that where D is the thickness of the region.

The procedure of calculating the temperature field by meansmodel locally strong varying phenomena on a microscale level
and that require that multiple length scales be resolved within of Eq 15 through 18 defines the method of distributed heat

sources.[9] Generating functions constructed according to thisthe same solution. These problems are such that without the
application of multiscale homogenization, computer storage method are limited in terms of their flexibility for assigning

values to matrix elements because of the assumption of tempera-requirements would be prohibitive relative to the appropriate
grid resolution. The essence of multiscale homogenization is ture-independent material properties and purely diffusive
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energy transfer. The method of distributed heat sources can
L{wp} 5

1
Tp

o
6

i51
Ti L{wi} (Eq 24)be extended, however, by means of various lumped-parameter

representations for purposes of constructing more generally
applicable generating functions. It is significant to note that

Similarly, if D is a finite difference operator for application tolumped-parameter representations, such as are given by Eq 19
a discrete variable defined with respect to a grid spacing Dl, thenand 20 below, can be directly correlated with various physical

aspects of convective heat transfer resulting from a moving
heat source and are therefore not strictly phenomenological.

DwpTp 5 o
6

i51
Dwi Ti (Eq 25)The generating function defined by

Referring to Fig. 1, where Ui 5 max [U • Ii , 0], it followsTG(x̂ ) 5 TA 1 o
N

k51
wkTk(x̂ 2 x̂k , Vk) (Eq 19)

that at the top surface along the longitudinal midplane

provides a level of flexibility with respect to the influence of max [U • I1, 0] 5 max [2u1, 0] 5 0,
convection. The generating function defined by

max [U • I2, 0] 5 max [u2, 0] 5 u2

max [U • I3, 0] 5 max [v3, 0] 5 0, (Eq 26)TG(x̂ ) 5 TA 1 o
M

m51
o
N

k51
wkmTk(x̂ 2 x̂k , Vk , kkm, kkm) (Eq 20)

max [U • I4, 0] 5 max [v4, 0] 5 v4

provides a level of flexibility respective to the influences max [U • I5, 0] 5 max [w5, 0] 5 w5 ' 0 and
resulting from the temperature dependence of material

max [U • I6, 0] 5 max [w6, 0] 5 0properties.
At this stage, we apply subdomain solvers. First, Eq 2 can

Substituting Eq 4 into Eq 25, letting Ta , Tb , DUa , and DUbbe adopted as a coarse-scale (or average) solver for calculation
represent the quantities T2, T4, Du2, Dv4, respectively, and adopt-of the average temperature field. It is an average solver in the
ing the conditions defined by Eq 26, it follows thatsense that it is sensitive to the discreteness of the temperature

field elements. Another type of solver that can be adopted is
termed a homogenizing solver in that it is not sensitive to

[6Dkp 1 Dl(DUa 1 DUb)] Tp 5 o
6

i51
Dki Tithe discreteness of the temperature elements.[10] This solver

is structured to include information concerning the physical
character of the local variation of the temperature field as a 1 Dl(DUaTa 1 DUbTb)

(Eq 27)

function of position without a strong dependence on grid resolu-
tion. The general form of this solver to be adopted here is We note next that at the top surface, for a difference operation
given by along the z-axis,

TG2(x̂ ) 5 FG2[TG1(x̂ )]u [TG1(x̂ ) 2 TG1D]
DUa 5 2

1
m

g
T

(Ta 2 Tp) and DUb 5 2
1
m

g
T

(Tb 2 Tp)1 TG1(x̂ ) {1 2 u[TG1(x̂ ) 2 TG1D]} (Eq 21)

(Eq 28)where

and Dkp , Dki 5 0. Rearranging Eq 28, we obtain a discrete
FG2(T ) 5

(TG2U 2 TG2D) (T 2 TG1D)

(TG1U 2 TG1D)
1 TG2D (Eq 22) solver for top surface values of the temperature field given by

The quantity u(x) is the unit step function where u(x , 0) 5 0 Tp 5
aaT 2

a 1 abT 2
b 1 (aa 1 ab)T 2

p

2(aaTa 1 abTb)
(Eq 29)

and u (x $ 0) 5 1.
Equation 21 establishes a mapping [TG1D, TG1U ] ° [TG2D,

TG2U ]. It follows then that multiple local adjustments [TGND, where
TGNU ] ° [TGN11D, TGN11U ] of the temperature field can be
effected using Eq 21.

Next, we derive a solver that is adapted for the inclusion of aq 5 2
Dl
m 1g

T2
qp

(Eq 30)
surface tension information. It follows from the duality property
given by Eq 2 that

Proceeding, we derive a solver that is adapted for inclusion of
boundary-value information, which is distributed over a closedwp 5

1
Tp

o
6

i51
Ti wi (Eq 23)

subdomain within the temperature field. For this type of domain,
the level of influence due to convection is taken into account
by means of the distribution of closed-surface boundary values,where Tp and Ti (i 5 1, . . . , 6) assume the role of weighting

coefficients. Next, it follows that if L is a linear operator, then and as a result, Eq 2 can be replaced by
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Tp 5
o
6

i51
ki Ti 1 DlVBTp11

o
6

i51
ki 1 DlVB

(Eq 31)

It follows then that a temperature field can be constructed
that is consistent with a given set of constraints, a specified
value of the objective function

Fig. 2 Top surface plane at z 5 0; two-dimensional slice at top surface
of workpiece of three-dimensional temperature field obtained using

Zl 5 Zq0

VB
2

(Dl)3

LS
o
Ns

p51
#
Tp

TA

r(T )Cp(T )dT Z (Eq 32) generating function

Table 1 Welding parameters and cross-sectionaland by adopting Eq 29 and 31 as discrete elliptic solvers.
informationThis procedure is well posed and should provide a sufficiently

optimal temperature field for a range of welding processes. It
Laser power: 9000 Wis limited, however, by resolution of the grid. For a relatively
Beam radius: 0.0006 mcoarse grid with respect to the magnitude of the temperature
Welding speed: 0.02 m/sgradient, one can obtain a noisy temperature history at regions
Solid/liquid boundary: Depth Width

close to a specified closed boundary whose surface has rela- 0 mm 1.945 mm
tively strong curvature. It is important to note that the elliptic 1 mm 1.465 mm
character of the solver provides for a certain level of homogeni- 2 mm 0.97 mm
zation that is on average in that it incorporates information 3 mm 0.885 mm

4 mm 0.735 mmfrom both upstream and downstream fixed boundaries. This
5 mm 0.63 mmwill certainly be the case at upstream regions near or at the
6 mm 0.86 mmenergy source where temperature gradients are usually large
7 mm 1.1 mmand fine grid resolution is required for the generation of smooth
8 mm 1.135 mmtemperature histories. One approach to this problem is the inclu-
9 mm 1.115 mmsion of adaptive grid procedures that adjust the resolution of

10 mm 1.04 mm
the grid according to the characteristic temperature gradient Melting temperature TM: 1530 8C
within a given subdomain of the temperature field. Vaporization temperature TG: 2740 8C

An alternative approach to constructing a temperature field
that is consistent with a given set of constraints follows by
adopting the homogenizing solver defined by Eq 21 and 22
and specified values of the objective function defined by Eq above approach for cases where only average trends for temper-
32 and of the objective functions ature histories are necessary within certain regions (or subdo-

mains) while relatively exact temperature histories are required
within others.

Zp 5 ZTp 2
aaT 2

a 1 abT 2
b 1 (aa 1 ab)T 2

p

2(aaTa 1 abTb)
Z (Eq 34)

4. Prototype Analysis Using Multiscale
and Homogenization

In this section, we present a case study that serves to demon-
strate many features of the homogenization procedure for gener-

Zp 5 )Tp 2
o
6

i51
ki Ti 1 DlVBTp11

o
6

i51
ki 1 DlVB

) (Eq 35) ating a temperature field consistent with a specified number of
constraints. For the present case study, we consider a prototype
analysis of the deep penetration weld whose cross-sectional
information and process parameters are given in Table 1. This
information was taken from Reference 11. Referring to thisVarious features of this alternative approach are as follows.

First, the homogenizing solver defined by Eq 21 and 22 gener- table, three different types of information can be adopted for
specifying constraints on the system. These are the transverseates smooth temperature histories from upstream to downstream

boundary values, which are not sensitive to grid resolution. cross section of the solidification boundary, the rate of energy
input to the workpiece, and an estimate of the shape of theSecond, information concerning material properties, e.g., diffu-

sivity and liquid metal properties, is not incorporated into the keyhole vapor-liquid interface.
The first stage of the analysis entails generation of the down-solver but rather into the associated set of objective functions.

And third, this approach can be used in combination with the stream temperature field whose values are consistent with the
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Fig. 5 Midplane at y 5 0; two-dimensional slice at symmetry plane,Fig. 3 Midplane at y 5 0; two-dimensional slice at symmetry plane,
parallel to direction of beam travel, of three-dimensional temperatureparallel to direction of beam travel, of three-dimensional temperature
field obtained by applying homogenizing elliptic solverfield obtained using generating function

Fig. 6 Top surface plane at z 5 0; two-dimensional slice at top surfaceFig. 4 Top surface plane at z 5 0; two-dimensional slice at top surface
of workpiece of three-dimensional temperature field obtained byof workpiece of three-dimensional temperature field obtained by
applying discrete elliptic solverapplying homogenizing elliptic solver

solidification boundary information. This is accomplished using
the generating function Eq 15 and average temperature-indepen-
dent materials properties of steel. Shown in Fig. 2 and 3 are
two-dimensional slices of a three-dimensional temperature field
that has been constructed via Eq 15 such that it is consistent
with the cross-sectional values given in Table 1.

The second stage of the analysis entails application of the
homogenizing solver defined by Eq 21 and 22 over the closed
subdomain containing all temperature values greater than TM.
Shown in Fig. 4 and 5 are two-dimensional slices of a three-
dimensional temperature field that has been constructed by
applying a homogenizing solver to the subdomain defined by
T . TM for the temperature field shown in Fig. 2 and 3. Also
shown in this figure is an isothermal surface at the vaporization

Fig. 7 Midplane at y 5 0; two-dimensional slice at symmetry plane,temperature TG , which has been embedded into the temperature
parallel to direction of beam travel, of three-dimensional temperaturefield. This surface provides a means of embedding upstream
field obtained by applying discrete elliptic solverboundary value information concerning the shape and location

of the keyhole. The homogenization procedure involved local
adjustments of the temperature field via the mappings [TM ,
2400] ° [TM ,2130], [2130,3600] ° [2130,2500] and [2500,Tmax] consistent temperature field within the upstream region of the

temperature field. This is accomplished by applying the discrete° [2500,TG], where the quantities TM and TG are the tempera-
tures of melting and vaporization, respectively. The quantity solver defined by Eq 31 to the closed subdomain defined by

T , TG and T . 2100 8C for the temperature field shown inTmax is the maximum temperature value of the temperature field
obtained by the generation function. Fig. 4 and 5. Two-dimensional slices of the resulting three-

dimensional temperature field are shown in Fig. 6 and 7. ResultsThe third stage of our analysis entails the construction of a
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an arbitrary scale factor of both temperature values and gradi-
ents. The initial estimate, however, must be physically consis-
tent in that it is monotonically decreasing with distance from
the region of the temperature field associated with either the
surface distribution or volumetric distribution of energy sources
on or within the workpiece, respectively.

The procedure for overcoming the noise structure within
sudomains, which are progressively upstream relative to the
energy source, is to increase local grid resolution and then apply
homogenization. This approach is not to be interpreted as being
equivalent to that of successive mesh embedding for the purpose
of resolving highly localized structure. It is significant to note
that even when used in conjunction with local grid refinement,
homogenization represents the primary procedure for mapping

Fig. 8 Midplane at y 5 0; two-dimensional slice at symmetry plane, information concerning the local variation of the temperature
parallel to direction of beam travel, of three-dimensional temperature field as a function of position. It follows that, in general, the
field obtained by applying discrete elliptic solver. Shape of keyhole level of successive mesh embedding required for resolution
boundary modified to correlate with solidification boundary (or smoothness) is reduced because of homogenization. In our

present calculation, the application of homogenization in con-
junction with increased local grid resolution could be achieved
by adopting the isothermal surface defined by 2100 8C as a
geometric constraint in exactly the same manner as the solidifi-of a fourth stage of the analysis are shown in Fig. 8 where the

shape of the temperature-of-vaporization isotherm, along the cation boundary given in Table 1. For this calculation, the third
stage of the analysis described above would entail generationdepth of penetration, has to be changed in order to show some

correlation with the observed shape of the solidification bound- of a discrete temperature field (via Eq 15) having relatively
finer resolution, whose values are consistent with the boundaryary. For this temperature field, the calculated value of q0/VB

defined by Eq 14 is 3.39 3 105 J/m and the values of Zp /Tp at 2100 8C. The homogenization solver Eq 21 could then be
applied to the closed subdomain defined by all temperaturedefined by Eq 33 and 34 are of order 1026.

The temperature field whose longitudinal slice is shown values greater than 2100 8C.
in Fig. 8 follows from the piecewise generation of a three-
dimensional temperature field progressing from regions charac-
terized by small temperature gradients to those characterized

5. Discussion and Conclusionsby large gradients. This piecewise construction is based on
partitioning of the temperature field into closed subregions
within which elliptic solvers can be adopted. With respect to In this report, we have extended a general methodology

based on constrained parameter optimization, for the analysis ofthis piecewise generation, generating functions serve several
purposes. First, they are conveniently adaptable for calculating processes involving heat deposition, to incorporate a multiscale

homogenization procedure. In addition, we have presented athe temperature field at regions relatively far downstream from
the energy source. Second, although they are inconvenient for comprehensive, yet heuristic, discussion of those elements of

the theoretical foundation of this methodology, as these ele-calculating field values at regions relatively close to the energy
source, they are conveniently adaptable to assigning values on ments relate to the application of generating functions and

subdomain solvers. This is necessary in order to make clearsurfaces of the specified closed subregions. And third, these
provide a means of calculating “arbitrarily scaled” initial esti- the specific role of homogenization solvers within the overall

framework of the general methodology. The specific combina-mates of the temperature field within specified subregions for
subsequent optimization via a homogenization solver. tion of discrete elliptic solvers, e.g., Eq 29 and 32, local grid

refinement, and multiscale homogenization will depend on theFor the present calculation, we have applied a discrete solver
at the upstream-most regions of the temperature field. The desired level of smoothness for the temperature field with the

various subdomains that make up the overall solution domain.resulting values in this region are on average homogenized due
to the interpolation character of the weighting due to the closed Finally, a significant open issue for further investigation, which

is motivated by the overall framework of our methodology, isboundary. There is, however, some noise structure superim-
posed on the temperature field due to the fact that the discrete the application of this methodology to inverse problems. That

is the extraction of material properties or lumped process controlsolver is sensitive to the essential graininess of the boundary
for a relatively coarse grid resolution. One is unable to apply parameters via the analysis of experimental data from processes

involving heat deposition, e.g., welding. An important aspecta homogenization solver within this subdomain due to the essen-
tially discontinuous distribution of sources associated with the of our methodology, which was examined in Reference 1, is

that specification of distributions of values over the boundariesgenerating function (Fig. 3). The resulting unphysical character
of the temperature field is not suitable as an initial estimate of closed subdomains can be shown to be equivalent to an

implicit representation of information concerning the associatedfor subsequent optimization via a homogenization solver. The
homogenization procedure defined by Eq 21 and 22 is such heat deposition process. Significant questions related to this

issue ask what are suitable explicit relationships, which could bethat the initial estimate of the temperature field may be within
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